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Partitioned, Multilevel Response Surfaces
for Modeling Complex Systems

Patrick N. Koch,* Dimitri Mavris,” and Farrokh Mistree*
Georgia Institute of Technology, Atlanta, Georgia 30332-0150

The most prevalent type of approximating functions employed for efficient engineering analysis and design
integration are polynomial response surfaces. However, the construction of response surface approximations has
been limited to problems with only a few variables, due to the number of analysesnecessary to fit sufficiently accurate
models. An approach is presented for partitioning response surfaces and constructing multilevel approximations
for problems with larger numbers of variables. Using this approach, the (computer) experimentation necessary
for fitting response surface models is reduced tremendously. A modified composite experimental design is also
presented for the construction of response models that provide more consistently accurate predictions across the
range of the design variables. The multilevel, partitioned response surface modeling and modified composite design
approaches are demonstrated for the preliminary design of a commercial turbofan engine, an example problem
defined in collaboration with Allison Engine Company, Rolls-Royce Aerospace Group.

Nomenclature
= predicted response value
= efficiency
= mean response estimate
= standard deviation estimate
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I. Overview of Problem

TATISTICAL techniques are widely used in multidisciplinary
designto constructapproximationsof expensivecomputer anal-
yses that are much more efficient to run, easier to integrate, and
yield insight into the functional relationship between design vari-
ables x and performance responsesy. A recent review of statistical
experimentation[design of experiments (DOE)] and approximation
techniques for engineeringdesignis givenin Ref. 1. The most com-
monly used approximating functions are polynomial response sur-
face equations. A recent review of several applications of response
surface models in engineering design is also given in Ref. 1, and
applicationsin structural design are presentedin Ref. 2. In addition,
many design methods have recently been developed incorporating
response surface metamodeling® techniques*~¢
One significant limitation of response surface techniques is due
to the problem of size for modeling large-scale, complex systems:
the computational expense of experimentation associated with the
combinatorial explosion in data points necessary for fitting mod-
els in a large number of variables. A detailed investigationinto the
problem of size is presented in Ref. 7 for the design of a high-
speed civil transport. For complex systems, the number of variables
affecting the system is often greater than desirable for response sur-
face modeling with standard experiment designs (greater than 10
variablesis often consideredtoo large). In addition, if small or min-
imum size experiments are designed to accommodate modeling for
large numbers of variables, the resulting models are frequently not
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of sufficient predictive accuracy (sparse experiments do not capture
the trends sufficiently). The question being addressed in this paper,
then, is the following: How can accurate-response surface models
be fit efficiently for large numbers of design factors?

To address this question an approach for constructing multilevel,
partitioned response surfaces is presented. Because this response
modeling approachis implemented within the context of robust de-
sign, a review of approximation-basedrobust design and response
surface metamodeling is first provided in Sec. II. The multilevel,
partitioned response surface metamodeling approach is then pre-
sented in Sec. III and demonstrated in Sec. IV for the preliminary
design of a commercial turbofan engine. Details for the robust de-
signexplorationformulation for this example problemare presented
in Ref. 8; the focus in the current paper is on the multilevel response
surface construction and validation of results obtained using these
approximations. Closing remarks are presented in Sec. V.

II. Frame of Reference: Approximation-Based
Robust Design
A. Robust Engineering Design

The basic approachto approximation-basedrobustdesign, shown
in Fig. 1, is a generalization of response surface methodology, !
Taguchi’s parameter design,'? and related recent engineering design
approaches™S in the literature. Note that although slight variations
or a more detailed breakdown of this approach may exist, the basic
approachof Fig. 1 is used for discussionpurposes. The ultimate goal
with approximation-based robust design is to arrive at improved
or robust solutions efficiently. The factors (design variables) and
responses (constraints, objectives) for a particular design problem
provide the input or starting point for the approach of Fig. 1, and
the solutions, improved or robust, become the outputs or results.
To identify these solutions, this approach includes three sequential
stages: screening, model building, and model exercising.

When the number of factors is too large for comprehensive ex-
ploration and/or when experimentationis expensive, screening ex-
periments are used to reduce the set of factors to those that are
most important to the response(s) being investigated. DOE is used
to define the appropriate design analysis cases to evaluate the de-
sired effects of the factors. If the factor set can be reduced, this
reduced set provides the input for the second stage. In the model
building stage, an experimentis run, and predictive metamodels are
created to replace computationally expensive codes. If noise (un-
controllable) factors'® are included, the mean and variance of each
response must be estimated, and predictive models for both must
be built. One approach for building these robustness metamodels is
presentedin Ref. 14, and three approaches are compared in Ref. 15.
In the third stage (model exercising) the response models created
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Fig.1 Basic robust design approach.

in stage 2 are exercised to explore a design space efficiently while
including uncertainty (noise) to identify robust solutions. The focus
in this paperis on the model building stage of the approachof Fig. 1,
particularly on response surface approximating functions.

B. Response Surface Metamodeling

The most widely used response surface approximating functions
are simple low-orderpolynomials.Iflittle curvature appears to exist,
apredictedresponse value $ can be obtainedby fitting the first-order
polynomial given in Eq. (1) (where x; are the factors). If significant
curvature exists, the second-order polynomial in Eq. (2), including
all two-factor interactions, can be used. Thus,

k
$=Po+ ) Bixi (1)

i=1

k k
y=PH+ Zﬂixi + Zﬂiixiz +ZZﬂijxixj )
i=1 i=1 i i
The parameters (3 terms) of the polynomialsin Egs. (1) and (2) are
calculated using a least-squares regression analysis to fit these re-
sponse surface approximationsto existing data (empirical or gener-
ated from simulation/analysis routines). These approximations can
then be used for prediction. A more complete discussionof response
surfaces and least-squaresfitting may be found in Ref. 11 and a dis-
cussion of experimental design in Ref. 16.

Among the various types of experimental designs for fitting a
second-order response surface model and studying second-order
effects, the central composite design (CCD) is probably the most
widely used.'® Central composite designs are made up of a two-level
factorialor fractional of resolutionat least V, 2k star points (where k
is the number of factors) and at least one center point; these designs
allow for the creation of a second-order surface with fewer points
than would be required for a three-level full factorial design.

The two CCD experiments commonly used for computer exper-
iments are shown in Fig. 2 for two factors; the factor ranges are
generally normalized between —1 and 1. The central composite in-
scribed (CCI) experimentof Fig. 2a is offered to contain the experi-
ment within the defined factor ranges. This composite experimentis
a spherical design; the star points are defined by the factors ranges,
and the factorial points are interior and defined by the combinations
of £1/a. The value for a is normally chosen to ensure the design
is either rotatable or spherical.!! The predictive capability of a re-
sponse surface fit using the CCI design, however, is unknown at the
extremes of the factor ranges because no data points are taken at
these extremes ([1, 1], [1, —1], [-1, 1], and [—1, —1] in Fig. 2a). In
addition, the standard a value pushes the factorial points toward the
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Fig.2 Two forms of central composite experiment designs.

centerwith increasingfactors(1/ ais 0.707 for two factorsand 0.297
for eightfactors). Thus, the predictiveaccuracy of aresponse surface
fit using the CCI design is even more questionable at the extremes
with increasing factors. For this reason, this design should only be
used if the region of interestis known to be spherical (interior points
are of more interest than extreme points). If the extreme points are
known to be important, the central composite face-centered (CCF)
design shown in Fig. 2b is used. In this cuboidal design, the fac-
torial points are pushed to the corner points defined by the factor
extremes, keeping the star points at the factor extremes along each
factor axis. With this configuration, however, other than the center
point no interior data points are taken; thus only three factor levels,
rather than five, are used (note that the CCF shown in Fig. 2b for
two factors is identical to a three-level full factorial design; this is
not the case for higher dimensions).

Unfortunately, with computer experiments, it is often not known
in advance whether the interior points or extreme points are more
important; a computer analysis code is often truly a black-box for
which the input-output relationships are not clearly or completely
understood. If the region where good solutions exist is known, the
experiment should be designed around this region, and again it is
unknown whether the CCI or CCF should be used.

III. Multilevel, Partitioned Response Surfaces
A. Constructing Partitioned Response Surfaces

An approachfor fitting second-orderpolynomial responsesurface
modelsinlargenumbersof designfactorsis describedin this section.
In this approach the factors and responses of a complex analysis
code are grouped, and the response surface models themselves are
partitioned to create multilevel models incorporating the effects of
all factors.

Givenanumberoffactorsn andresponsesr associated with a par-
ticular complex analysis, the factors and responses are partitioned
into two sets, for example. This partitioning is ideally based on do-
main knowledge; the factors and responses should be groupedbased
on knowledge about the problem and particular analysis, based on
which factors are believed to affect particular responses directly.
The exact partitioning is not necessarily critical, however, because
eachresponseis made a function of all factors; this is accomplished
by concurrentlyconstructingtwo-part partitionedresponsesurfaces.
For the partitioned factors and responses:

k = number of factors in set 1
n-k =number of factors in set 2
s =responses of set 1, 9
r-s =responses of set 2, $,

construct the partitioned response surface equations as follows. For
responses of set 1,

k k
=y + Z o x; + Z o;ix] + Z Z ijXiXj &)

i=1 i=1 ioj>i
where
n n
% =70 + ypxp + yppxp + ypqxpxq (4)
p=k+1 p=k+1 p q>p

For responses of set 2,

j}Z =ﬂ0 + Z ﬂpxp + Z ﬂppx]z, + Z Z ﬂpq'xp'xq (5)

p=k+1 p=k+1 p q>p
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where

k k
Bo =50+Z5ixi+z5iixi2+zz5ijxixj (6)
i=1
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The first set of responses ¥, are fit as a function of the k factors of
set 1 [Eq. (3)], and the second set $, is fit as a function of the n-k
factorsof set 2 [Eq. (5)]. Two separate experimentsare designed and
run, ideally concurrently, to fit these two sets of response surfaces.

To capture the effects of the second set of factors (from k + 1 to
n) on the responses §; modeled using the first set (from 1 to k),
the mean term of these responses [oq in Eq. (3)] is fit as a function
of the second set of factors; this is shown in Eq. (4). The original
(fixed) mean term of Eq. (3) is thus replaced by the function in
Eq. (4). The same is done for the second set of responses §, using
the first set of factors [Eq. (6)], and thus, the two-level response
surfaces are created. The effect of modeling the mean term of each
set of responses as a response surface itself is essentially to allow
the interceptof the primary responsesurface [Eq. (3) or (5)] to move
alongtheresponse,or y, axis with the secondaryeffects of the factors
used to model the mean term. Note that in creating the second part
of each set of response surfaces, the mean-term response models,
no additional experimentation is necessary (two experiments are
necessary for the four given models, not four experiments). Data
gathered for fitting the response surfaces of Eq. (5) are used in
fitting the mean-term response surfaces of Eq. (4); data gathered for
fitting Eq. (3) are used in fitting Eq. (6). (Both sets of responses are
monitored, and data are gathered during each experiment.)

The advantage of this approach is that the experimentation and
model fitting expense is reduced tremendously. If, for example, 16
input factors are known to be important to the responsesof a partic-
ular problem, fitting response models including all 16 factors using
a full CCI or CCF design would require 65,569 computer analysis
cases (note that using aresolution V fraction in the cube of the com-
posite design would require fewer designs, as only 153 terms are to
be estimated; however, note also that very small or minimum size
designs can lead to models with poor predictive accuracy). If the
16 factors are partitioned into two sets of 8, and the responses are
also grouped according to the two sets of factors, two experiments
of 273 runs are required for the full CCD to fit the two-part re-
sponse surface models of Egs. (3-6). These two experiments can be
run concurrently, and the experimentationexpense to construct the
models is cut by more than two orders of magnitude. Even without
concurrency, with this partitioning, doubling the number of factors
increases the necessary experimentation by a factor of two rather
than quadratically [2* + 2* rather than 2%, or (2¢)?]. Alternately, a
64-trial 2872 design is resolution V; this design would require 81
runs for each experiment, reducing the expense of experimentation
even further.

What is the limitation of this approach? The major assumptionin
this approach is that the interaction effects between the factors of
each partitioned set are negligible or nonexistent. These interaction
terms (x;x,, terms using the notation given earlier) are the only terms
missing from the partitioned response surface models that would
be present for response surfaces fit in all factors. The factors and
responses must be partitioned such that these interaction terms are
believed to be at least negligible. Many interactions are known to
be nonexistent based on domain knowledge or can be shown to be
nonexistentthroughexperimentation.The factors and responsescan
then be partitioned so that only the interactions that make sense and
are known to exist are included. If partitioning is difficult, however
(if the dependency between subsets of factorsis high), the omission
of interaction terms between the sets can have a significant effect
on the response models created.

In the approach just given, a set of factors and responses is par-
titioned into two groups, and the partitioned response surfaces then
have two parts. This approach is not limited to two sets of factors
andranges, however; the factors and responses could be partitioned
into more than two parts. Constructingthe partitionedmodels would
be increasingly more difficult to manage, but doable nonetheless.
In this paper only two-level partitioned response surfaces are in-
vestigated. A modified composite design is used to construct these
partitioned response models.
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Fig.3 Modified central composite experiments.
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B. Modified Composite Design

A modified composite designis shown in Fig. 3. This experiment
combines the factorial portion of both the CCI and CCF experiments
(Fig. 2) and is designed for the case in which it is unknown whether
the interior or extreme points are most important. Two versions of
this experimentare shown in Fig. 3, the full combination of the CCI
and CCF (Fig. 3a) and a half-fraction in the factorial points of the
combined CCI/CCF (Fig. 3b). With the full experiment of Fig. 3a,
whereas for the two-factor experiment only four points are added
over the standard CCI or CCF designs of Fig. 2, for an eight factor
experiment 529 total points would be needed compared to the 273
for the standard CCI or CCF. As the number of factors increases,
the factorial portion of the composite design (increasing exponen-
tially, 2%) dominates the experiment, essentially doubling its size.
For the combined CCI/CCF of Fig. 3b, a half-fractionof each facto-
rial portionis taken. It is common to take a fraction of the factorial
points with a composite design to reduce the number of experiments
[many more points are defined in a standard composite design than
are necessary for fitting the standard second-orderresponse surface
of Eq. (2)]. The experiment of Fig. 3b, then, is the same size as the
standard CCI or CCF, but allows data to be gathered both in the
extremes and the interior points in an attempt to obtain better model
fits.

To space the experiment points evenly within the design space,
the a value for the modified composite design is taken to be 2,
placing the interior factorial points at the selected combinations of
+0.5 for all normalized factor ranges. Rotatability is based on sta-
tistical measures deemed inappropriate for deterministic computer
experiments,'” and thus rather than defining o to ensure this prop-
erty, space filling'® has been suggestedto be appropriateto construct
sufficiently accurate approximations. Evenly spaced design points
can be more appropriate to capture the effects of deterministic com-
puter analyses. For more detailed discussionsof deterministic com-
puter experiments, see Refs. 1 and 18.

The modified design is investigated in detail and compared to
the standard CCI design in Ref. 19; more consistent accuracy of
predictions across the ranges of design variables is observed with
the modified design. (The errors of predictions do not vary as much
across the range of the factors with the modified composite de-
sign as seen with the standard composite designs for the examples
investigated in Ref. 19.) Other designed experiments or sampling
techniques, Latin hypercube sampling, for example, may also per-
form favorably, but are not investigated in this paper. The design
of Fig. 3b is employed with the approach for multilevel partitioned
response surfaces of Sec. IIL.A in the next section.

IV. Example: Preliminary Design of a Commercial
Turbofan Engine

The two-level partitioned response surface modeling approach is
tested and demonstrated for the preliminary design of a commer-
cial turbofan engine. The example presented is a 31-kN (7000-1b)
thrust class turbine engine designed for regional and business jet
applications. This example problem was defined in collaboration
with Allison Engine Company, Rolls-Royce Aerospace Group, and
is based on the existing Allison AE3007 engine. The focus in this
example is on the engine thermodynamiccycle design and the basic
configuration design (weight, overall dimensions, and stage num-
bers). Whereas the cycle design is independentof the configuration
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factors, the configuration responses are dependenton the cycle fac-
tors in addition to the configuration factors; thus two-level parti-
tioned response surfaces are fit for the engine configuration design.
These constructedresponse models are used to evaluate multiobjec-
tive tradeoffs; robust solutions are identified and response surface
approximations are verified. Note that robust design techniques are
incorporated since noise factors (not controllable by a designer) are
included in this preliminary design example. The objectivein seek-
ing robust solutionsis to minimize performancevariationin addition
to attempting to achieve performance targets.

A. Commercial Turbofan Problem Definition:
Requirements and Design Factors

The primary concern for this commercial turbofan engine ex-
ample is fuel consumption, followed by thrust, weight, and overall
dimensions. The design point investigated in this study is a 12-km
(40,000-ft) cruise at Mach 0.8 and 25°C (77°F) (off-design is not
investigated in this example). The Rolls Royce software package
Engine Maker was employed for the cycle and configuration anal-
ysis. It should be noted that Engine Maker is a simplified engine
analysis code, requiring roughly only 1 s per execution on a Pen-
tium personal computer and is thus used here for illustrative pur-
poses (approximationsmay not be necessary for the formulated op-
timization problem). More complex engine analysis tools, however,
require significantly larger computational effort, making classical
optimization approaches prohibitively expensive.

The commercial turbofan design requirements and the Engine
Maker model of the AE3007 engine (AE3007 EM) are presentedin
Table 1. The thermodynamiccycle performanceis captured through
the engine specific fuel consumption (SFC) and the net thrust (at
the 12-km cruise). Both of these performance characteristics are
normalized in Table 1 (based on the actual AE3007 values) for
proprietary reasons; thus, they are nondimensionalized.The engine
configuration is defined by the engine bare weight and the overall
dimensions (length and diameter, where the maximum fan diame-
ter is used as representative of the maximum engine diameter for
comparison purposes).

The requirements of Table 1 are defined through both constraint
(hard) values and goals (soft performancetargets). Constraint values
define feasibility, whereas goals representdesired targets (define the
ideal scenario). The constraint values in Table 1 are set to identify
solutions that perform at least as well as the Engine Maker model
of the AE3007 engine, whereas the goal values reflect the desire
to achieve improved performance. The last requirement of Table 1
(Phot/Pcold, the ratio of core exhaust and bypass exhaust pres-
sures) is a constraint that ensures mixing for a mixed-flow turbofan
engine. These requirementsbecome the desired responsesfor which
response surfaces are created.

The design factors for this study are listed in Tables 2 (cycle fac-
tors) and 3 (configuration factors). The ranges for experimentation
for these factors are defined based on experience and based on the
AE3007 values for these factors (not shown) and are, thus, specific
to this problem. The 12 cycle factors of Table 2 are classified as 8
control factors and 4 noise factors (the componentefficiencies). One
key cycle factor, bypass ratio, is not included in the list of indepen-
dent control factors. This factor was made a function of fan outer
pressureratio (FOPR), overall pressure ratio (OPR), and stator out-
let temperature (SOT) to ensure feasible mixed flow turbofancycles

Table1 Commercial turbofan requirements

Requirement AE3007 EM Constraint Goal
Performance
SFC (normalized) 1.035 <1.030 0.960
Net thrust (normalized, 990 >990 1052
12 km, 25°C day)
Configuration
Bare engine weight, kg 647 <646 612
Max length, m 2.10 <2.13 1.83
Max fan diameter, m 0.975 <0.975 0.940
Other constraint
Phot/Pcold 0.880 0.94-1.0

Table2 Commercial turbofan cycle design factors and ranges

Factors Low High

Control
Compression/expansion parameters

Inlet flow, kg/s 31.75 47.63
FOPR 1.5 1.85
OPR 20 35
SOT, K 1366 1644
Pressure losses
Transition duct pressure loss (DPP21), % 0.5 5
Diffuser/combustor pressure loss (DPP3), % 2 6
LPT? exit pressure loss (DPP5), % 0.5 3
Bypass duct pressure loss (DPP13), % 1 4
Noise
Fan tip polytropic efficiency, 7jan 0.84 0.88
HPC® polytropic efficiency, nupc 0.86 0.90
HPT® isentropic efficiency, nupr 0.85 0.92
LPT isentropic efficiency, npr 0.88 0.92

2 LPT, Low-pressure turbine.
b HPC, High-pressure compressor.
¢ HPT, High-pressure turbine.

Table3 Commercial turbofan
configuration design factors and ranges

Control factors Low High
Fan inlet Mach number 0.5 0.7
Fan entry hub/tip ratio 0.2 0.4
Fan tip speed, m/s 366 564
Fan hub loading 1.0 2.0
HPC tip speed, m/s 274 518
HPC hub loading 0.9 2.0
LPT mean loading 1.5 2.5

during automated experimentation and, thus, is not an independent
factor here.

The four component efficiencies of Table 2 are defined as noise
factors for this study, not under the designer’s control during prelim-
inary design. These factors are viewed as technology-levelfactors at
this stage of engine design (higherefficienciesrepresenthighercom-
ponent technology levels) used to evaluate the effects of changes in
technology at the component level. The efficiencies are needed for
cycle evaluation, but cannot be predicted until sufficient component
level detail is available. The purpose of including these efficiencies
as noise factors at the cycle level, then, is to reduce the effects on
the cycle design of variation or uncertainty in component efficiency
values.

It could be arguedalso that the five pressureloss factors of Table 2
are not control factors. The losses are related to the Mach number
through the associated ducts and the size of these ducts. However,
the way in which Engine Maker has been configured, these factors
are needed as inputs for cycle and configuration design. Thus, they
are included as control factors, primarily to monitor their effects on
the engine design.

The seven configuration factors of Table 3 are all classified as
controlfactors. Thus, 19 total factors are to be investigated with En-
gine Maker. These 19 factors are the results of previous screening
experimentation'®; each factor has been found to have a signifi-
cant effect on at least one of the requirement responses of Table
1. Thus, the problem size cannot be reduced further by removing
additional factors. However, 19 factors are not manageable for the
construction of second-order response surfaces (524,327 analyses
would be necessary for a full central composite designed exper-
iment). Thus the two-level partitioned response surface approach
Sec. II.A is appropriate here. The partitioning necessary for the
constructionof two-level response surfacesis easily defined for this
problem; the requirements and factors have already been classified
for the thermodynamic cycle design and the mechanical configura-
tiondesign. Thus, the problemis partitionedinto the 12 cycle factors
(4 of which are noise factors) of Table 2 and the 7 configuration fac-
tors of Table 3, even though Engine Makeris used for both cycle and
configuration analyses. This partitioning makes the problem signif-
icantly more manageable, and the experimentationfor the cycle and
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the configuration can be done concurrently (on different machines).
Yet the approach of Sec. III.A allows the appropriate responses to
be modeled in all 19 factors.

B. Commercial Turbofan Two-Level Response Surface Construction

For the cycle design experimentation, a product array approach
(crossed inner and outer arrays)13 is implemented. The modified
composite experiment of Fig. 3b is designed in the eight cy-
cle control factors of Table 2, with a total of 273 experiments
(1/2 @28 +1/2 @ 28 factorial points, interior and exterior, 2 ® 8
star points, and 1 center point). This experiment, used as the inner
control array in the product array, is crossed with an outer noise
array. For the noise array, the four noise factors of Table 2 are var-
ied over their ranges using a half-fraction of a two-level factorial
(2%! =8) with an added center point for nine total cases. The to-
tal number of experiment cases for the cycle design subproblem
when crossing the two arrays, then, is 2457 cases (273 X9). Note
that, if a full composite design were designed in all 12 cycle con-
trol and noise factors, 4121 cases would be necessary (fewer cases
could be used if a fraction of resolution V is designed in the cube
portion).

For each of the responses monitored during the cycle experimen-
tation (the cycle responses as well as the configuration responses
for fitting the second level of these partitioned response surfaces),
the mean and standard deviation data are calculated for each run
of the inner control array across the runs of the outer noise array.
Response surface models for mean and standard deviation are then
fit to these data; resulting model fits are summarized in Table 4. For
each mean and standard deviationresponse, second- and third-order
response surfaces are fit, and the best fit is chosen. (The modified
composite experimentis a five-level experiment, and thus, the third-
order terms can be added to the basic model of Eq. (3) or Egs. (4-7);
three-way interaction terms are not added simply because higher-
order interactions are usually assumed negligible.) The order of fit
and R? values for each mean and standard deviation response are
given in Table 4. Recall that the response models fit for the config-
uration mean responses in the cycle factors are actually the second
portion of these models, the intercept term models (see Sec. IL.A);
the primary models for the configuration responses are fit in the
configuration factors of Table 3. Also, no model is fit for standard
deviation of the fan diameter response because this response does
not change with the noise factors; no deviation is observed.

In fitting models for prediction, R? values as close as possible
to 1 are desirable. The fits are extremely good for all of the mean
response models, with R? values greater than 0.99 in every case.
The standard deviation models are also very good for SFC, thrust,
fan diameter, and Phot/Pcold. The R? values for the standard de-
viation of weight and length, however, are lower (0.838 and 0.963,

Table 4 Response surface fits for cycle and
configuration experimentation

Order R?
Experimentation of fit value
Cycle
Performance
Mean SFC Third 0.998
Standard deviation SFC Third 0.986
Mean thrust Second 0.999
Standard deviation thrust Second 0.991
Configuration (intercept term models)
Weight (intercept term) Second 0.998
Standard deviation weight Third 0.838
Length (intercept term) Third 0.997
Standard deviation length Third 0.963
Fan diameter (intercept term) Second 1.000

Other constraints
Mean Phot/Pcold Third 0.998

Standard deviation Phot/Pcold Second 0.995
Configuration

Weight Third 0.929

Length Third 0.991

Fan diameter Second 1.000
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Fig.4 SFC mean and standard deviation response fits (actual vs pre-
dicted).

respectively). Fitting models for these responses is more difficult
because they change in discrete jumps with stage numbers, and this
difficulty is magnified in calculating and modeling the standard de-
viation. However, the approach in robust design is to reduce the
predicted variance, rather than actually achieve strict targets. Also
the standard deviationsfor weight and length are smaller (relatively)
thanthe deviationsof the otherresponses. With theserelatively small
standarddeviations,these standard deviationapproximationsfor the
configuration responses are accepted.

In Fig. 4, the response model fits for the SFC responses (mean
and standard deviation) of Table 4 are shown graphically as actual
response data (experiment points) vs predicted response values. In
these plots, the angled line represents the ideal fit (actual and pre-
dicted values being equal) around which the predicted data are scat-
tered; the horizontalline representsthe response mean value. As can
be seen, the data are fit extremely well for mean SFC and very well
for the standard deviation of SFC. Plots similar to those of Fig. 4
are presented in Ref. 19 for the remaining responses of Table 4.

For the configuration experimentation, the modified composite
experiment of Fig. 3b is designedin the seven cycle control factors
of Table 3. Because the configuration factors are all control factors,
only the single modified composite experimentis needed, for a total
of 143 cases. This experiment is run, and again both the config-
uration and cycle responses are monitored. For this configuration
experimentation,however, the cycle responses (SFC, thrust, as well
as Phot/Pcold) do not vary with the configuration parameters (iden-
tical values are obtained for these responses for all cases). Models
are, thus, only fit for the configuration responses, and two-part par-
titioned response surfaces are not fit for the cycle responses.

The model fits obtained for the configuration responses are also
shown in Table 4. Third-order fits are employed for weight and
length. The R? values are very good for engine length and fan
diameter (both over 0.99), but not quite as good for weight. The
effects of the configuration factors on the number of stages for each
component makes it more difficult to model the effects of these fac-
tors on the engine weight than for the cycle factors. Because the
weight is a rough approximation at the system level, this model is
accepted.



880 KOCH, MAVRIS, AND MISTREE

In this section, 14 response surfacemodels have been constructed,
11 through the cycle experimentationand 3 through the configura-
tion experimentation. The configuration responses have been fit as
two-level partitioned response surfaces, with the first surface fit in
the configuration factors and the second surface portion (mean term)
for each configuration response fit in the cycle factors. Robustness
response models (models for mean and standard deviation) have
been constructed for all responses (with the exception of fan diam-
eter). These response models are used to replace Engine Maker to
allow efficient exploration of the preliminary design space to iden-
tify robust solutions.

C. Commercial Turbofan Response Surface-Based Robust
Design Exploration

The response surface models constructed for this commercial
turbofan example are employed for robust design space exploration
based on the requirements of Table 1. A detailed description of
the compromise Decision Support Problem (DSP)® formulation for
this problem may be found in Refs. 8 and 19; in this paper, results
obtained using the multilevel response surfaces are presented and
evaluated.

Two design scenarios (goal achievement preferences) are evalu-
ated for this example. In scenario 1, the mean response goals for
SFC, thrust, weight, length, and fan diameter are included (no stan-
dard deviation goals) and are all weighted equally. This scenariorep-
resents the case in which robustnessis not addressed and is used as a
baseline for comparison with the robust solution. In scenario 2, the
standard deviation goals are included in the formulation, and again
equal weights are employed. This scenario represents the case in
which both achieving performance targets (mean value) and reduc-
ing variation associated with the uncertain efficiencies are equally
important.

The robust preliminary design exploration results obtained for
these two design scenarios are given in Table 5. Also included in
Table 5 are the cycle and configuration values for the Engine Maker
model of the AE3007 engine (AE3007 EM). For both scenarios,
feasible, converged solutions are obtained, and the performance and
configuration values achieved (response surface predicted values)
are at least slightly better than those of AE3007 EM (SFC, weight,
length, and fan diameter are less in every case, and thrust is greater
for all five scenarios). The cycle and configuration solutions behave
as expected; when possible, the deviations from the goal targets are
reduced (values closer to target). When robustness is added (stan-
dard deviation goals), mean performance is sacrificed slightly to
improve robustness. Additional detail about these specific robust
design exploration solutions, as well as additional robust design
scenarios, can be found in Refs. 8 and 19. The focus in this paper
is not on the numeric robust design results, except to demonstrate
that the multilevel response surfaces can successfully be employed
to identify robust regions of the design space and robust tradeoffs
to be evaluated.

To evaluate the accuracy of the response surface predictions, the
factor values of Table 5 are entered back into Engine Maker. For
this evaluation, 1000 random combinations of the four noise factors
(component efficiencies) are run for each scenario; the mean and
standarddeviationare then calculatedfor these 1000runs. The errors
of the predicted solutions of Table 5, when compared to the actual
Engine Maker values, are given in Table 6. The negative error values
reflect a response result that is underpredicted (value from response
surface is less than actual value).

In Table 6 the errors for mean SFC, thrust, fan diameter, and the
Phot/Pcold mixing constraint are less than 1% for both scenar-
ios. As expected, the errors for mean weight and length are higher
than those of the other mean responses (recall that these responses
change discretely with component stage numbers). The errors for
mean weight, however, are surprisingly very low, less than 2%.
These errors are sufficiently small and acceptable. The errors for
mean engine length, however, are much larger (8-13%). Fitting a
continuous surface to these data leads to less accuracy than for the
continuous responses. However, the engine length is overpredicted
in every case. The actual engine length for these scenarios are all
less than the goal target as desired. Because this requirement is not
a primary concern, and does not lead to problems, the accuracy of
the model is accepted for this demonstration.

The errors for the standard deviation predictions are signif-
icantly larger, ranging from 12% to over 200%. This result is
consistent with the results of an investigation into noise modeling
for approximation-basedrobust design presented in Ref. 15: Stan-
dard deviation is much more difficult to model than mean response;
sufficient data points are needed to capture the standard deviation of
aresponse. Here, the standard deviation data are gathered across the
nine cases of the outer, noise array. If a full factorial were used for
the noise array to gather more data, the size of the experiment would
double; using a central composite design for the noise array would

Table 6 Response surface errors for results of Table 5

% error
Scenario 2,

AE3007 Scenario 1, Overall,
Engine maker EM Overall robust
SFC (normalized) 1.035 —0.398 —-0.199
Std. deviation SFC —_— 72.140 —40.684
Thrust (normalized) 990 —-0.628 0.554
Std. deviation thrust —_ 63.941 77.025
Weight, kg 647 -0.710 1.815
Std. deviation weight _ —24.112 —13.226
Length, m 2.10 13.680 8.108
Std. deviation length _ 226.63 123.21
Fan diameter, m 0.975 0.305 0.055
Phot/Pcold 0.880 -0.299 0.100

Table 5 Commercial turbofan cycle and configuration robust preliminary design exploration results

Design scenario

Design scenario

1, 2, Overall, AE3007 1, 2, Overall,
Inputs Overall robust Outputs EM Overall robust
Inlet flow, kg/s 41.27 39.96 SFC, normalized 1.035 1.002 1.005
FOPR 1.67 1.67 Std. dev. SFC, 1b/h/1b e 0.0152 0.0111
OPR 20.30 20.00 Thrust (normalized) 990 1039.50 1014.97
SOT, K 1553 1640 Std. dev. thrust, N e 143.6 130.2
Transition duct loss, % 0.79 3.45 Weight, kg 647 621.8 615.8
Diffuser/combustor loss, % 3.37 2.00 Std. dev. weight, kg e 0.00368 0.00318
LPT? exit pressure loss, % 1.08 2.05 Length, m 2.10 1.80 1.83
Bypass duct loss, % 1.00 1.01 Std. dev. length, m e 0.00841 0.00762
Fan inlet Mach number 0.70 0.69 Fan diameter, m 0.975 0917 0917
Fan entry hub/tip ratio 0.20 0.26 Phot/Pcold 0.880 0.999 1.001
Fan tip speed, m/s 563.9 497.7
Fan hub loading 2.000 1.235
HPC tip speed, m/s 518.2 358.2
HPC hub loading 0.900 1.163
LPT mean loading 2.161 1.981

ALPT, Low-pressure turbine. bHpC, High-pressure compressor.
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basically triple the total number of cases run. Rather than increasing
the experimentsize, however,itis importantto view the trendsof the
standard deviation predictions. Even though the standard deviation
predictionshave high errors, the trends have been captured. The ro-
bust solution of scenario 2 has actual standard deviation values less
than the values for the AE3007 EM model (the standard deviations
are reduced through this robust preliminary design exploration). In-
terestingly, even the standard deviations of scenario 1 (for which
robustnessis not included in the deviation function) are lower than
those of the AE3007 EM model (scenario 1 is more robust than
AE3007 EM). Because both mean performance and robustness are
improved over the AE3007 EM model (without using this engine
as a starting point for robust preliminary design exploration), the
solutions of Table 5 are accepted.

For the commercial turbofan engine preliminary design example
investigated here, second- and third-order response surfaces were
sufficient to approximate the analysis codes. Alternate approxima-
tion approaches are currently being investigated for more nonlinear
analyses.7-18:21,22

V. Conclusion

The multilevel, partitioned response surface modeling approach
of Sec. III has been successfully demonstrated in Sec. IV for the
commercial turbofan preliminary design example problem. Using
the two-level partitionedresponse surfaces, the configurationdesign
responses are modeledin all 15 control factors (7 configuration fac-
tors and 8 cycle factors). With this approach, partitioningthe factors
and responses based on the configuration and cycle design reduces
the necessary experimentation tremendously. If a single full com-
posite experiment was to design in all 15 control factors and was
crossed with the 4-factor noise array, 295,191 analysis cases would
have been required. With the partitioned response surface approach
and concurrentcycle/configurationexperimentation,the experimen-
tation is limited by the cycle experimentation (the crossed inner and
outerarrays, 2457 cases). Experimentationexpenseis, thus,reduced
by more than two orders of magnitude. By further increasing con-
currency, running the cycle inner, control array concurrently (dis-
tributed computing) for each of the 9 cases of the noise array, the
experimentation time can be reduced to the computational expense
of the 273 cases of a single cycle control array.

The multilevel partitioned response surface metamodeling ap-
proach presentedhere is appropriate and useful for large-scale com-
plex design problems in which 1) the number of variables prohibits
standard response surface experimentation and modeling, 2) the
problemcanbe easily partitionedand interactionsbetween factors of
partitionedsets can be neglected,and 3) second- or third-orderpoly-
nomial response surfaces are adequate to model the factor/response
relationships of a complex analysis code(s), over the desired factor
ranges, with sufficient accuracy.

The limitation of response surface approximations that has not
been discussed here is associated with the third condition. For
highly nonlinearanalyses,alternate approximationapproachesmust
be investigated for efficient analysis and design space exploration.
One approach in the current literature, kriging,'” is being tested
for engineering applications'®-2! and compared to response surface
approximations?? and it shows promise as a viable approximation
option for nonlinear problems.
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